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A mathematical model that includes biochemical in-
teractions among the PTS system, phosphofructoki-
nase (PFK), and pyruvate kinase (PK) is used to eval-
uate the dynamic behavior of the glycolytic pathway
of Escherichia coli under steady-state conditions. The
influence of ADP, phosphoenolpyruvate (PEP), and
fructose-6-phosphate (F6P) on the dynamic regulation
of this pathway is also analyzed. The model shows that
the dynamic behavior of the system is affected signif-
icantly depending on whether ADP, PEP, or F6P is
considered constant a steady state. Sustained oscilla-
tions are observed only when dADP/dt # 0 and com-
pletely suppressed if dADP/dt = 0 at any steady-state
value. However, when PEP or F6P is constant, the
system evolves toward the formation of stable limit
cycles with periods ranging from 0.2 min to hours.
© 2000 Academic Press
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The dynamic behavior of the glycolytic pathway has
intensively been studied because it presents a broad
range of complex and interesting interactions among
enzymes and their regulatory metabolites. Previous
studies carried out with mathematical models revealed
an amazing variety of dynamic modes when the system
was perturbed in different manners (1-7) or imposed
different schemes of regulation (8—12). However, in
most of those studies kinetic expressions or metabolic
pathways that were not specific of Escherichia coli
have been used, hence, it is difficult to get a clear idea
about the influence of specific enzymatic effectors or
regulatory loops on the dynamic behavior of the glyco-
lytic pathway of E. coli.

In the present study, a simplified mathematical
model was designed preserving the most significant
biochemical components involved in the regulation of
the glucose metabolism of E. coli. The model was used

0006-291X/00 $35.00
Copyright © 2000 by Academic Press
All rights of reproduction in any form reserved.

244

to analyze the behavior of the high- and central-
segment of the glycolytic pathway and to explore the
dynamic regulatory pattern of the most controlling en-
zymatic steps involved—e.g., the phosphotransferase
system (PTS), phosphofructokinase (PFK) and pyru-
vate kinase (PK)—under steady state conditions (13).
Also, the temporal evolution of ATP, ADP, phos-
phoenolpyruvate (PEP) and fructose-6-phosphate
(F6P) under different conditions was studied.

The mechanism of glucose uptake was included in
the model, because this transport process, carried out
by the PTS system, has rarely been included in previ-
ous studies and represents the most important mech-
anism of glucose uptake in E. coli (14, 15). The influ-
ence of PEP on the regulation of the pathway was
included in this analysis, because this sole metabolite
directly regulates not only the PTS system (16, 17) but
the enzymes PFK (18, 19) and PK (20, 21) as well. | was
particularly interested to study the behavior of the
glycolytic pathway of E. coli because it has a phospho-
fructokinase that is not allosterically regulated by ATP
or fructose-1,6-diphosphate (FDP) as it was usually
assumed in other systems (4, 22), but by ADP and PEP
(6, 18, 19), and this metabolic scenario has not yet been
explored.

The model is also used to test the hypothesis that
intermediate metabolites involved in the regulation of
the pathway (e.g., ATP, ADP, PEP and F6P) can reach
at a stable steady state (or pseudo-steady state) during
balanced cell growth (23) or in resting cells, as it was
assumed in earlier reports (24-27). Consequently,
with the aim to evaluate the influence of these metab-
olites in the global regulation of the pathways, the
model was studied under conditions that are normally
assumed in experimental work. The analysis was fo-
cused on the evolution of ADP, PEP and F6P during
glucose consumption under steady state conditions, not
at a constant glucose input rate (5-7, 10, 28), but being
regulated by the PTS loop that incorporates a new
regulatory condition to this study. Experimental evi-
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FIG. 1. Simplified metabolic pathway considered in the model.
The scheme includes all regulatory effects exerted by the metabolites
included in this study. Abbreviations: G, glucose; F6P, fructose-6-
phosphate; FDP, fructose-1,6-diphosphate; PEP, phosphoenolpyru-
vate and PYR, pyruvate.

dence shows that when glucose is added to a suspen-
sion of resting cell of E. coli, the concentration of ADP
decreases and F6P increases (27) (unfortunately no
information is provided for PEP). Therefore, if ADP
were required for the activation of PFK (18), glucose
consumption would induce the partial inactivation of
the enzyme due to the formation of ATP (29), but that
was not observed experimentally. On the other hand, if
glucose transport consumes PEP (14, 17) and PEP in-
hibits the PFK (18, 19), the glucose transport and the
carbon flux through the pathway would be seriously
affected by the evolution of PEP during glucose metab-
olism. This physiological situation opens interesting
guestions about the role of ADP and PEP on the regu-
lation of carbon flux through this pathway. From tech-
nological point of view, the regulatory pattern involved
in this pathway deserves special attention, because,
although E. coli is the most important organism used
in biotechnology, its intimate metabolic regulation re-
mains almost unknown.

For the sake of clarity and to simplify the analysis of
results, the model was studied considering constant
ATP/ADP, F6P or PEP (one at a time), keeping con-
stant and at physiologically levels the other kinetic
parameters (29). The biological significance of the ob-
served regulatory patterns is discussed.

MODEL DESCRIPTION

The model is based on flux balances of the interme-
diate metabolites (Fig. 1) and includes three enzymatic
steps: PTS system, PFK and PK (Egs. [1]-[4]). Sim-
plification criteria were based on the analysis of the
most controlling steps in this pathway (13, 14, 30-33).
The present model resembles a model proposed by
Markus and Hess (6), except that the source of glucose
(G) was considered constant, and the substrate input
rate (v,) was allow to be self-regulated through the
PTS system, hence, affected only by the intracellular
availability of PEP.

PTS system consists in a complex of four proteins
that transfer a phosphate group in a cascade reaction
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from PEP to PTS carbohydrate (14). Although each of
the enzymatic steps of the phosphorylation cascade is
reversible (16), the overall reaction is considered irre-
versible under physiological conditions. The reaction
shows a Michaelis—Menten double substrate Kinetics
with K, for glucose and PEP equal to 0.01 and 0.11
mM, respectively (15, 16, 34). The value of K, for
glucose permits the first simplification of the model
when fixing a high and constant glucose concentration
(i.e., 50 mM). Since [G] > K, for glucose (0.01 mM), the
double substrate kinetics (34) reduces to a single sub-
strate kinetics displaying a PEP-dependent glucose up-
take (Eq. [5]).

PFK is an allosteric tetrameric enzyme that cata-
lyzes the irreversible phosphorylation of fructose-6-
phosphate (F6P) to fructose 1,6-diphosphate (FDP) us-
ing ATP as the phosphate donor. The PFK of E. coli
shows homotropic cooperative interaction with respect
to F6P, heterotropic allosteric activation by ADP and
heterotropic allosteric inhibition by PEP (18). Accord-
ing to the concerted transition theory (35), PFK allo-
steric kinetics of E. coli depends on the allosteric equi-
librium coefficient (L), which also depends on the
simultaneous effect of the activator (ADP) and the
inhibitor (PEP) (18).

PK is another allosteric tetrameric enzyme that cata-
lyzes the irreversible phosphorylation of ADP from PEP
rendering ATP and pyruvic acid (PYR) (Fig. 1). It has
been shown that FDP has a strong activation effect on PK
but only when the concentration of FDP is below 5 mM
(20, 21). For that reason, the intracellular concentration
of FDP was fixed at 5 mM which is an acceptable physi-
ological value (27) and would keep PK completely acti-
vated. The PK kinetics also depends on the concentration
of Mg®" and K™, therefore, the intracellular concentration
of these cations were fixed high enough (see below) to
keep the enzyme fully activated and to make the kinetics
Mg®" and K* independent (6, 20, 21). Since glycolytic
enzymatic steps comprised from FDP to PEP present fast
equilibrium Kinetics (29, 30) they were lumped in a single
step as shown in Fig. 1.

The system depicted in Fig. 1 can be described by the
following set of differential equations where

dADP
T: Vo — V3 [1]
dF6P

dt = V1= V2 [2]
dPEP
TZZVZ_VI_VB [3]
dATP
T: V3 = Vy, [4]

245



Vol. 271, No. 1, 2000

V=01"¢1; Vo = 05° Py V3 = 03 3.

o maximum reaction rate; ¢;: saturation function of
PTS system, PFK and PK enzymes (18, 20, 21, 34)
defined as:

B1

d)l = 1 + Bl [5]
adR" '+ Lc,CsadT"?
d)Z = Rn + LTn [6]
Bsyame
= 7
Ps 1+ B3+ v, + Bavap 71
with
1+c "1+c n
L = 0( 532) ( n ﬂ’l) [8]
(1+ v
R=14+a+6+ ab [9]

T=1+ac,+ 8Cs+ ad-C,C;s [10]
In these expressions o (F6P/Karrer), B1 (PEP/Kipep), B2
(PEP/KzR(PEP))v Bs (PEP/Kzg1), v1 (ADP/KZR(ADP))! ¥. (ADP/
Ksa1), 8 (ATP/K jatey) and u (Mg?*/Ky,) denote normal-
ized concentrations (dimensionless) of F6P, PEP, ADP,
ATP and Mg*", respectively. K;; are ligand dissociation
constants (values are shown below) and n denotes PFK
number of protomers (n = 4). R and T represent the
fraction of active (R) and inactive (T) conformation
states of the enzyme PFK (18). c,, c;, ¢, and c, repre-
sent the non-exclusive binding coefficients of PFK de-
fined as Kr/K; for both substrates (F6P and ATP) and
both allosteric effectors (ADP and PEP), respectively. L
is the allosteric equilibrium coefficient of PFK and
since Kgp # Krpw and Kgy # Ky, L is calculated
according to Eq. [8], being L, = 4 X 10° (the allosteric
constant in absence of any allosteric effector). Values of
dissociation constants used in the model are (expressed
in MM): Kipep = 0.11; Kopgepy = 1.25 X 107% Korgep) =
25; Korare) = 6 X 10°% Kararey = 6 X 10°% Karaor) =
25X 1075 Korpory = 1.3; Kareery = 750; Korpery = 0.75;
Ksa = 0.31; Ky, = 0.26; Ky, = 0.19.

In the model was assumed: i) negligible the extra-
glycolytic ATP consumption rate (6, 27), ii) constant
intracellular concentrations of FDP (5 mM), Mg®" (1
mM) and K* (100 mM) (6, 21, 27, 36, 37), and iii) the
accumulation of pyruvate (PYR, depicted in Fig. 1)
linked to a fast kinetics that removes PYR away from
the system (not shown). Incidentally, PYR, does not
affect the kinetic of the enzymes involved in the model.
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Addition of Egs. [1] and [4] leads to dADP/dt =
—dATP/dt, therefore [ATP] + [ADP] = C, and since C,
is constant (the model was studied with C, = 3 mM)
the systems reduces to a three independent variables,
ADP, PEP and F6P.

The analysis of Egs. [1], [2], and [3] at steady state
shows that:

V, = Vg, Vi = V,, and 2v, = v; + V.

With these relationships and the corresponding
functions associated with each v; (Egs. [5]-[10]) two
fundamental expression were drawn and used for the
analysis of the concentration of F6P and PEP at the
steady state:

o1 ¢y = 03 P [11]

and

o1 P = 0y Py [12]
Whereas Eq. [11] has PEP and ADP as the indepen-
dent variables, Eq. [12] is ATP, ADP, F6P and PEP
dependent (see Egs. [5]-[10]). These convenient rela-
tionships among parameters and variables allow eval-
uating the influence of different parameters on the
steady state concentrations of ADP, PEP and F6P.
From the pair of Egs. [11] and [12] we can see that if
only ADP (hence ATP) or any other variable (e.g., PEP
or F6P) is considered constant the system would admit
multiple steady state values for the rest of the vari-
ables. For this reason, in order to simplify the mathe-
matical treatment, two variables at the time were con-
sidered constant. The characterization of the system at
different steady states exceeds the scope of this com-
munication and will be analyzed elsewhere.

The stability of linearized pair of Egs. [1]-[2], [1]-[3],
and [2]-[3] (with PEP, F6P or ADP constant, respec-
tively) close to steady states was studied by analyzing
their eigenvalues (38—40). Numerical and eigenvalue
analyses were carried out by using Mathcad (ver.3.1)
from MathSoft, and integration of differential equa-
tions was performed with DIFFEQ software (ver. 2.0)
from MicroMath Inc.

RESULTS

Since ATP can be calculated from ADP and C, (3
mM) the study was conducted to investigate the influ-
ence of ADP, PEP and F6P on the dynamic behavior of
the system described by Eqgs. [1]-[3]. Figure 2a shows
the temporal evolution of ADP, F6P and PEP when
they are left to freely evolve. However, when ADP is
considered constant, oscillations are suppressed for
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FIG. 2. Temporal evolution of ADP, F6P and PEP when none or
one variable at the time is considered constant. (a) Evolution of the
three variables when ADP, F6P and PEP are left to freely evolve; (b)
evolution of F6P and PEP when ADP = 0.5 mM,; (c) evolution of ADP
and F6P when PEP = 0.3 mM, and (d) ADP and PEP evolution when
F6P = 0.2 mM. Other parameters of the model are: o; = 0.5 mM/min,
o, = 3.0 mM/min, o; = 2.0 mM/min and C, = ATP + ADP = 3 mM.
Lines: solid, ADP; dot, PEP; dot—dash, F6P.

any value of the other parameters (Fig. 2b). In con-
trast, when F6P or PEP is considered constant, and
ADP evolves with the other variable according to the
pair of Egs. [1] and [2] or [1] and [3], the model regains
the oscillatory behavior (Figs. 2c and 2d). Evaluation of
the influence of the initial concentration of ADP re-
veals that the system always generates oscillations
within the range of 10 * < ADP < 2 mM, provided that
ADP is not constant and regardless whether PEP or
F6P are considered constant. The incorporation of the
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non-glycolytic ATP consumption rate into Egs. [1] and
[4] did not change the profiles.

When the concentration ADP is considered constant,
the model is described by the pair of Egs. [2] and [3].
With this constrain, analysis of Eqgs. [11] and [12] re-
veals that there are two steady state points, one stable-
node at (0, 0) independent to all parameters of the
model (trivial solution), and the other, a saddle-point
located in this case at (1.18, 0.57) but whose exact
position depends not only on ADP but on oy, 0,, 05 as
well. Figure 3a shows the PEP-F6P phase portrait
corresponding to a saddle point where trajectories of
PEP and F6P associated to unstable and stable mani-
folds are strongly influenced by initial conditions and
the parameters above mentioned. The stable manifold
of the saddle-point defines a separatrix that divides the
space PEP-F6P in an attracting basin that contains
the stable-node at (0, 0) and a repellent basin where
the system is always unstable. Consequently, if PEP
and F6P concentrations lay near the region influenced
by stable manifold branches, the system would show a
stable or quasi-stable behavior with PEP and F6P tra-
jectories approaching to the unstable steady state (sad-
dle point). However, for perturbations of PEP or F6P as
small as 0.05 mM, the system would change to a typical
unstable behavior, inducing the complete exhaustion
(when shifting toward the attracting basin), or the
uncontrolled accumulation (when shifting toward the
repellent basin) of PEP and F6P (Fig. 3a). Analysis of
the stability of the linearized system close to a steady
state reveals that the system fluctuates between a
critically damped and an unstable dynamical behavior
depending on initial conditions and values of parame-
ters (results not shown).

When the concentration of PEP is considered con-
stant, the pair of equations [1], [2] describe the model.
Under steady state conditions the system has an
unique real steady state point located at (0.248, 0.025)
which is the node of the limit cycle depicted in Fig. 3b.
This limit cycle is stable and spins counterclockwise
with a frequency and amplitude that depend on the
values of PEP and the other parameters of the model.
In this case, whereas trajectories that lay outside of the
cycle approach to the cycle stabilizing the system,
points laying within the limit cycle spiral out the un-
stable node (steady state point) until their trajectories
reach the limit cycle. Numerical analysis revealed that
such oscillatory behavior extends from 0.04 < PEP <
10 mM and beyond this range the unstable node be-
comes a stable node stabilizing the system at the cor-
responding steady state points (not shown).

When the concentration of F6P is considered con-
stant, Egs. [1] and [3] describe the model. Analysis of
the system at a steady sate reveals that under these
conditions there is a single real steady state point
located within a limit cycle (0.257, 0.031). Figure 3c
shows the PEP-ADP phase portrait diagram that cor-
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FIG. 3. Dynamic maps of the model depicted in Fig. 1 evaluated
under different conditions. (a) PEP-F6P phase portrait of the model
described by the pair of equations [2], [3] when ADP = 0.5 mM, o, =
0.9 mM/min, o, = 0.865 mM/min and o; = 0.92 mM/min. Stable-node
and saddle-point are located at (0, 0) and (1.18, 0.57), respectively.
(b) F6P - ADP phase portrait described by Egs. [1] and [2], when
PEP = 0.3 mM, o, = 0.5 mM/min, o, = 3.0 mM/min, and o; = 2.0
mM/min. Unstable node is located at (0.248, 0.025). (c) PEP-ADP
phase portrait of the model described by Egs. [1] and [3], when F6P =
0.2 mM, o, = 0.5 mM/min, o, = 3.0 mMM/min and o; = 2.0 mM/min.
Unstable node is located at (0.257, 0.031). The rest of parameters as
indicated under Model Description.
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responds to a stable limit cycle that spins clockwise
and whose outer trajectories sink to the cycle and inner
trajectories escape out from the unstable node (steady
state point) toward the limit cycle. Numerical analysis
of the system depicted in Fig. 3c shows that the oscil-
latory behavior extends through a wide range of values
of F6P concentration (0.1 < F6P < 10 mM) and beyond
this range the dynamics of the systems switches from
stable limit cycle to a stable node whose trajectories
sink to the steady state point (not shown).

CONCLUSIONS

Although the model predicts oscillations during glu-
cose consumption as was earlier suggested by Malkova
et al. (41), this type of behavior has not yet been exper-
imentally observed. However, that may be due to the
experimental approach used to evaluate the concentra-
tion of those intracellular metabolites. Since oscillation
periods are in the order of few minutes (Fig. 2) and
intracellular concentrations determined by *P MNR
experiments demand the accumulation of many FIDs
(free induction decays) for 15-25 min (24-27), fluctu-
ations of the concentration of metabolites around the
steady state value would be undetectable. In fact, in-
tracellular concentration of ADP, PEP, or F6P reported
in the literature represent average values (27, 36, 37).
Hence, the existence of an oscillatory behavior during
glucose consumption cannot be completely ruled out.

The model presented in this paper shows that the
system can display contrasting dynamic behavior de-
pending on whether ADP, PEP or F6P are considered
constant at a steady state. Such considerations become
critical at the time of evaluating the intracellular con-
centration of these intermediate metabolites when a
pseudo-steady state is assumed. From the literature
(24-27) we can see that authors consider equally valid
to assume anyone or all of these metabolites constant
at a steady state. Nevertheless, if the concentration of
ADP is constant at a steady state, the model predicts
that the system would be considerably unstable (Fig.
3a) regardless the concentration of PEP and F6P. Since
this metabolic scenario has not been observed in rest-
ing or active growing cells, we can conclude, therefore,
that this situation is rather unlikely to occur in the
cells. On the contrary, dynamics like those shown in
Figs. 3b and 3c are more likely to occur, because the
interaction among variables and parameters generates
a very stable dynamic structure (e.g., limit cycles) that
can damp almost any discrete perturbation. In the case
depicted in Fig. 3c, trajectories of ADP and PEP pass
through a wide range of concentrations, suggesting
that ADP and PEP can act as activators and inhibitors
of the system (see Fig. 1) while the rest of the interme-
diate metabolites of the glycolytic pathway may remain
constant at a steady state. In conclusion, these results
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show that ADP (and ATP) exerts a major influence on
the dynamic behavior of the pathway.

Moreover, a detailed analysis of the enzymatic ki-
netic expressions used, suggests that ADP may have a
stronger influence than ATP on the dynamic regulation
of the system. The latter can be explained by analyzing
the role of ADP on the regulation of the enzymes PFK
and PK, both flux controlling enzymes in the pathway
(4, 31). Whereas ADP exerts simultaneously a hetero-
tropic feed-back-activation effect on the PFK (18, 19)
and a homotropic cooperative effect on PK (20, 21),
ATP does not.

Results obtained with this model suggest that al-
though the concentration of PEP or F6P can eventually
be constant at a given steady state (or pseudo-steady
state), ADP (or ATP) should not. We may speculate
that during cell growth the control of the steady state
concentration of a particular metabolite could be tem-
porarily regulated at different levels according to the
physiological state or the phase of the cell cycle. In this
way, the concentration (or flux) of ADP, PEP or F6P
could be controlled by switching from one dynamic
mode to another in response to intracellular or extra-
cellular signals as was suggested earlier (6, 10). This
complex regulatory scheme would further expand the
regulatory capacity of bacteria adding flexibility and
sensitivity to the their own genetic regulatory mecha-
nisms.
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